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Stub chain
➢ Further thinking: with attractive U , the MF Δ is different among orbitals due to different bloch weight 

𝜔𝛼 ，with A weight zero, the flat band now is relevant to k , and the band dispersion now is a 

superposition of orbitals:

➢ These gaps can be obtained by carrying out self-consistent solution of multi-orbitals to first order at 

small U，therefore, calculate min(E) with k , one can get the quasi-particle Gap: 𝛼c= 1.155

𝑘 = 0
k = 𝜋

➢ Superfuildty weight can also be calculated , which also consists of two orbitals.

𝛼 ≪ 1

𝛼 ≫ 1

➢ For small 𝛼 , A-B dispersion is strong , the compact localized state shows FB-electrons 

are mainly located at C, which shows the Wannier spreads between unit cells, metric 

mainly provided by C is just ordinary situation.

𝑤𝐶 ∼ 𝑂 1 , w𝐵 ∼ 𝑂 𝛼2 .

➢ For big 𝛼, A-C dispersion is strong, FB-electrons are mainly located at B, but B has a very 

localized Wannier, B doesn’t provide SW ! Still we should rely on C, but now FB-C-

electron has w𝐶 ∼
1

𝛼2 ,i.e . FB-Gap-C = Ug， while 𝐷𝑠 ∼ Δ𝐶 𝑔 . , so we have the square 

relation.
𝑤𝐵 ≈ 1, w𝐶 ∼

1

𝛼2
.
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Cruetz chain  How to prove a superconducting phase in 1-D flat band system ?

➢ We should start with the definition of SW by (Torma 2015) ,and we 

know at zero temperature with fixed particle number , grand potential 

can substitute to G.S energy,

➢ 𝑞 = 𝜙 =
Φ

𝐿
 The original SW shows stiffness with given scalar field, 

result in t(q) with a phase factor of q , now the phase factor provided 

by the field becomes ，we use it to calculate G.S energy

➢ PS: This method can define the many body quantum metric, but due 

to difficulty to find many body ground state, articles shows numerical 

results only for ED at small sizes. (Still can try)
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𝛼 𝑛𝑗,↓

𝛼 , 𝜙 = Φ/𝐿.

➢ Choose second derivation first , then extrapolate. where  𝜌 is the 

filling of lower flat band , theory predicts in weak coupling:

𝐷𝑠 𝐿 ≈ 𝜋𝐿
𝐸0 𝐿, ΔΦ + 𝐸0 𝐿, −ΔΦ − 2𝐸0 𝐿, 0

ΔΦ 2
.

➢ True SW should be invariant to finite size ,when apply a flux 𝜙 on each site, for non-half-

filling , we have gapless pair-fluid, (pair Luttinger) energy cost by the flux is Δ𝐸𝐿 Φ ∼

L 𝜙2 =
1

𝐿
Φ2. so we fit 𝐷𝑠 𝐿 = 𝐷𝑠 ∞ +

𝑎

𝐿
+

𝑏

𝐿2 + ⋯， For finite 𝐷𝑠 ∞ , we set 𝐷𝑠 𝐿 =

𝐷𝑠 ∞ +
𝑏

𝐿
.  For the half-filling case, we have zero 𝐷𝑠 ∞  ,more like a band 

insulator,1D gapped system has 𝑒−𝑟/𝜉 response to local disturbance. i.e. flux at the 

boundary, so with finite effect of 𝑒−L/𝜉 , we fit 𝐷𝑠 𝐿 ∼ 𝐴𝑒
−𝐿/𝜉eff.

➢ For weak coupling , ordinary flat band                                

➢ For strong coupling ,  pair prefers the same site , 𝑏𝑗
† 0 = ↑↓ . ,behaves like hard core 

bosons, with second order pairing process   𝐽pair ∼
2𝑡2

𝑈
.
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Cruetz chain

➢ Pair Gap (m=2): non-half-filling is pair Luttinger , pair gap should be 

gapless, half-filling is pair band insulator, pair gap should be gapped  

➢ Single particle Gap (m=1): half-filling the lower band is completely 

filled and the cost in energy to add an extra particle is then 4t, strong 

coupling the gaps are proportional to U , single particle excitation 

breaks cooper pair , costing pair energy U .

➢ Pair correlation functions: the power-law decay of pair green function 

is the result of non–half-filled pair Luttinger 

➢ Single particle function: the low-energy object is not an individual 

fermion, but a Cooper pair. Extracting a single fermion requires 

breaking a pair, and therefore costs a finite energy gap. A single-

particle Green function associated with a gapped excitation decays 

exponentially.

➢ These results show if single function decays exponentially, the 

single-particle excitation is gapped, so the system is not an ordinary 

metal.  If pair function decays algebraically, the pairs still have 

gapless coherent motion, These indicates the existence of paired 

superfluid



➢ Drude Weight: threading a flux Φ over a ring , if charge can move around the ring, the ground-state energy has non-zero curvature of  Φ ; if charge is localized, the energy 

is almost insensitive to Φ . The curvature therefore measures the charge stiffness of Φ , i.e. whether or not charge is easy to move. It is a transport quantity. A non-

superconducting ideal-metal can also have the curvature.(zero resistance)

➢ After taking the thermodynamic limit first, the system can be viewed as a continuum limit. The boundary twist can then be interpreted as a uniform phase gradient. The 

energy cost of this phase gradient is : Δ𝐹 ∼ 𝐷𝑠 ∇𝜃 2. And ∇𝜃 =
Φ

𝐿
. Therefore , the curvature now has the meaning of phase stiffness, and that is related to Meissner effect. 

➢ Relationship to response theory: for U=0, define :  𝐻 𝜙 = 𝐻0 − 𝜙𝐽 +
𝜙2

2
𝐾 + 𝑂 𝜙3 .

Drude Weight:

Superfluid Weight:

𝐷 = lim
𝐿→∞

𝜋 𝐿
𝜕2𝐸0 𝐿, Φ

𝜕Φ2
ቚ
Φ=0

.

𝐹𝐿 Φ = 𝐿 𝐸0 𝐿, Φ − 𝐸0 𝐿, 0 , 𝐷𝑠 = 𝜋
𝜕2𝐹∞ Φ

𝜕Φ2
ቚ
Φ=0

.𝐹∞ Φ = lim
𝐿→∞

𝐹𝐿 Φ ,
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𝑗,𝛼
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𝛼 , 𝜙 = Φ/𝐿.

➢ Λ(q, 𝜔) is not analytical at (0,0) ,so the order towards zero matters.

➢ Meissner effects asks whether Under a static transverse vector potential(𝜔=0), does the system 

generate a current in the continuum limit (q → 0)?It is a static response under the continuum limit. 

➢ Zero resistance asks whether Under a spatially uniform electric field(q=0), can the system sustain a 

current with no decay in the long time limit(𝜔 → 0)? It is a dynamical transport quantity in the static limit.

➢ In high dimension, q (qx, qy), we can set the vector potential in the x direction with AX(qx, qy → 0).Drude 

weight is a uniform vector potential along x and asks whether the system supports a dissipationless

current. Superfluid weight is the vector potential to along x, but let it vary spatially along y , and in one 

dimensional is all along x direction ,behaving as a flux along the chain ,these two are the same.

➢ However, that means in 1-D , D ≠ 0 doesn’t necessarily mean SC  , but possibly be ideal metal.

➢ However, for flat band systems , no transport dispersion, no Drude weight. The finite D is provided by U 

and therefore can only due to phase stiffness. But we still can’t precisely argue a superconducting 

phase, so we should still calculate pair correlation .
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FBSC “coherence length”
➢ For BCS-SC,  cooper pair is formed by electrons within a shell near the Fermi 

surface, with velocity vF , the pairing gap ∆ sets a coherence time scale Τ1
∆

Multiplying the two gives the spatial size of the cooper pair.

𝜉BCS ∼
ℏ𝑣𝐹

Δ
.

➢ We consider the pair correlation function:

𝐶 𝐫, 𝐫′ = ෍

𝛼

𝑎𝛼↑ 𝐫 𝑎𝛼↓ 𝐫 𝑎𝛼↓
† 𝐫′ 𝑎𝛼↑

† 𝐫′
𝑐

.

➢ In a multi-flat band model , when projecting to low-energy energy band :

𝐶 𝐫𝐢𝐣 =
𝑇

𝑁
෍

𝐪

𝑒−𝑖𝐪⋅ 𝐫𝐢−𝐫𝐣 ෍

𝑛𝑚ℎ𝑑

෍

𝛼,𝐤

𝑢𝑛𝛼
∗ 𝐤 + 𝐪 𝑢𝑚𝛼 𝐤 𝑢ℎ𝛼

∗ 𝐤′ 𝑢𝑑𝛼 𝐤′ + 𝐪 𝑐𝑛↓ 𝐤 + 𝐪 𝑐𝑚↑ −𝐤 𝑐ℎ↑
† −𝐤′ 𝑐𝑑↓

† 𝐤′ + 𝐪
𝑐

.

➢ The Bloch overlap is the character of multi-band systems, calculate the function 

with Wick contraction , using known Green function and that eventually results in 

quantum metric and BCS-length：

➢Due to Wick contraction , it throws away background Δ 2 , and green function 

behaves like single particle function , so the pair spread measures the correlation 

inside the pair ,not the pair-pair correlation, so with exponential decay. 

➢ However , another work argues the true length is way below 

metric length in FBSC , which from my perspective is a problem 

of definition, but gives me insight and comparison when 

numerical calculating correlation functions. Is pair spread the 

same with correlation length ?

➢ My argument : 

➢ The result of stub chain, they give BDG , with half-filled 

FB, upper FB empty , lower FB full , when U=0 , no SW, 

but can have this pair correlation.

➢ The max and decay is explained by strong coupling 

behavior like BCS length onsite-binding，competing with 

the tail provided by SW.

[5][6]



FBSC “coherence length”
➢ The result of Cruetz chain, when HF-FB, it doesn’t have 

dispersive bands , and is band insulator in this case. So 

green function should  like delta functions.  Now the picture 

below they choose quarter filling,  sites other than 0 and a 

shows result of zero within the numerical accuracy.

ℎ𝑘
↑ =

−2𝑡 sin 𝑘𝑎 − ෤𝜇 −2𝑡 cos 𝑘𝑎

−2𝑡 cos 𝑘𝑎 2𝑡 sin 𝑘𝑎 − ෤𝜇
.

Quarter: ෤𝜇 = 𝜇 +
𝑈

4
.

𝐻BdG = ෍

𝑘

Ψ𝑘
† ℎ𝑘

↑ Δ𝐼2×2

Δ∗𝐼2×2 −ℎ−𝑘
↓∗

Ψ𝑘 .

|Ψ±⟩ =  ൗ1
2

 ( |Ψ2⟩ ± |Ψ3⟩). 

Self-consistent solution:

𝐸± = ±U/4. 𝐺𝐴𝐴 𝑟 =
1

4
𝛿𝑟,0 −

𝑖

8
𝛿𝑟,𝑎 +

𝑖

8
𝛿𝑟,−𝑎 .

𝑐𝐴𝑘↑
† 𝑐𝐴𝑘↑ =

1

4
1 + sin 𝑘𝑎 .

➢ The result for a half-filled chain, the use the pair spread defined by 

the previous work , and they in half-filled one-dimensional chain , it 

becomes:

➢ In the strong coupling regime:

➢ In the weak coupling regime, expand to continum limit , and in the 

limit of small ∆ (K: Bessel function)

𝜀𝑘 = −2𝑡 cos 𝑘𝑎 ,

𝜀𝑘

Δ
≪ 1

➢ 𝑆𝑜 𝑖𝑛 𝑤𝑒𝑎𝑘 𝑙𝑖𝑚𝑖𝑡 , 𝑝𝑎𝑖𝑟 𝑠𝑝𝑟𝑒𝑎𝑑 𝑖𝑠 
𝑎𝑐𝑡𝑢𝑎𝑙𝑙𝑦 second variance of 
green function tail , is it true pair 
spread?
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  Δ


   𝜔 𝛼


                              𝛼 c = 1 . 155


  k = 0


  k = 𝜋


  𝛼 ≪ 1


  𝛼 ≫ 1


  𝛼


   w C ∼ O  ( 1 ) ,  w B ∼ O  (  𝛼 2 ) .


  𝛼


   w C ∼  1   𝛼 2


   D s ∼  Δ C  ⟨ g ⟩ .


   w B ≈ 1 ,  w C ∼  1   𝛼 2 .


  q = 𝜙 =  Φ L


     ℋ  ( Φ ) =  − i t   ∑  j , 𝜎   [  e  i 𝜙  c  j , 𝜎  A †  c  j + 1 , 𝜎 A −  e  i 𝜙  c  j , 𝜎  B †  c  j + 1 , 𝜎 B + H.c. ]    − t   ∑  j , 𝜎   [  e  i 𝜙  c  j , 𝜎  A †  c  j + 1 , 𝜎 B +  e  i 𝜙  c  j , 𝜎  B †  c  j + 1 , 𝜎 A + H.c. ]    + U   ∑  j , 𝛼   n  j , ↑ 𝛼  n  j , ↓ 𝛼 ,     𝜙 = Φ / L .


  𝜌


   D s  ( L ) ≈ 𝜋 L    E 0  ( L , Δ Φ ) +  E 0  ( L , − Δ Φ ) − 2  E 0  ( L , 0 )     ( Δ Φ ) 2 .


  𝜙


  Δ  E L  ( Φ ) ∼ L    𝜙 2   =    1 L  Φ 2 .


   D s  ( L ) =  D s  ( ∞ ) +  a L +  b   L 2 + ⋯ ，   For   finite    D s  ( ∞ )   , we   set    D s  ( L ) =  D s  ( ∞ ) +  b L .


   D s  ( ∞ )


  1 D   gapped   system   has    e  − r / 𝜉


   e  − L / 𝜉


   D s  ( L ) ∼ A  e  − L /  𝜉  eff .


   b j †  | 0 ⟩ =  | ↑ ↓ ⟩ .


   J  pair ∼   2  t 2   | U | .


  Φ


  Φ


  Φ  


  Φ  


  Δ F ∼  D s    ( ∇ 𝜃 ) 2 .


  ∇ 𝜃 =  Φ L .


  H  ( 𝜙 ) =  H 0 − 𝜙 J +    𝜙 2 2 K + O  (  𝜙 3 ) .


  D =    lim  L → ∞ ⁡ 𝜋 L    𝜕 2  E 0  ( L , Φ )  𝜕  Φ 2    ​ |  Φ = 0 .


   F L  ( Φ ) = L  [  E 0  ( L , Φ ) −  E 0  ( L , 0 ) ] ,


   D s = 𝜋    𝜕 2  F ∞  ( Φ )  𝜕  Φ 2    ​ |  Φ = 0 .


   F ∞  ( Φ ) =    lim  L → ∞ ⁡   F L  ( Φ ) ,


     ℋ  ( Φ ) =  − i t   ∑  j , 𝜎   [  e  i 𝜙  c  j , 𝜎  A †  c  j + 1 , 𝜎 A −  e  i 𝜙  c  j , 𝜎  B †  c  j + 1 , 𝜎 B + H.c. ]    − t   ∑  j , 𝜎   [  e  i 𝜙  c  j , 𝜎  A †  c  j + 1 , 𝜎 B +  e  i 𝜙  c  j , 𝜎  B †  c  j + 1 , 𝜎 A + H.c. ]    + U   ∑  j , 𝛼   n  j , ↑ 𝛼  n  j , ↓ 𝛼 ,     𝜙 = Φ / L .


  Λ ( q , 𝜔 )


  ( q → 0 )


  𝜔 → 0 )


  q   (  q x ,  q y )


   A X (  q x ,  q y → 0 )


  D ≠ 0


   v F


  ∆


   1 ∆


   𝜉  BCS ∼   ℏ  v F Δ .


  C  ( 𝐫 ,  𝐫 ′ ) =   ∑ 𝛼     ⟨  a  𝛼 ↑  ( 𝐫 )  a  𝛼 ↓  ( 𝐫 )  a  𝛼 ↓ †  (  𝐫 ′ )  a  𝛼 ↑ †  (  𝐫 ′ ) ⟩ c .


  C  (  𝐫  𝐢 𝐣 ) =  T N   ∑ 𝐪   e  − i 𝐪 ⋅  (  𝐫 𝐢 −  𝐫 𝐣 )   ∑  n m h d    ∑  𝛼 , 𝐤   u  n 𝛼 ∗  ( 𝐤 + 𝐪 )  u  m 𝛼  ( 𝐤 )  u  h 𝛼 ∗  (  𝐤 ′ )  u  d 𝛼  (  𝐤 ′ + 𝐪 )    ⟨  c  n ↓  ( 𝐤 + 𝐪 )  c  m ↑  ( − 𝐤 )  c  h ↑ †  ( −  𝐤 ′ )  c  d ↓ †  (  𝐤 ′ + 𝐪 ) ⟩ c .


       |  ⟨ Δ ⟩ | 2   ,


   h k ↑ =  (    − 2 t  sin ⁡   ( k a ) −  𝜇 ~  − 2 t  cos ⁡   ( k a )   − 2 t  cos ⁡   ( k a )  2 t  sin ⁡   ( k a ) −  𝜇 ~ ) .


   𝜇 ~ = 𝜇 +    | U | 4 .


   H  BdG =   ∑ k   Ψ k †  (     h k ↑  Δ  I  2 × 2    Δ ∗  I  2 × 2  −  h  − k  ↓ ∗ )  Ψ k .


  | Ψ ± ⟩ =    1   2   (   | Ψ 2 ⟩ ± | Ψ 3 ⟩ ) .  


   E ± = ± U / 4 .


   G  A A  ( r ) =  1 4  𝛿  r , 0 −  i 8  𝛿  r , a +  i 8  𝛿  r , − a .


   ⟨  c  A k ↑ †  c  A k ↑ ⟩ =  1 4  ( 1 +  sin ⁡   ( k a ) ) .


  ∆


   𝜀 k = − 2 t  cos ⁡   ( k a ) ,


     |  𝜀 k | Δ ≪ 1

